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1. The matrices A1 – A8 used in the numerical illustrations
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2 7 7 9 8 7 9 5 3 4 10 4 5 1 7 2 8 3 2 4
2 2 7 9 7 10 10 7 4 5 2 2 7 1 7 1 5 5 7 5
8 1 10 1 2 8 5 3 8 2 1 1 9 1 5 8 5 2 2 6
9 4 9 2 4 3 6 2 9 6 7 3 1 5 3 9 5 6 10 2
2 2 6 2 5 10 5 3 1 3 4 1 7 10 6 7 1 9 2 2
8 6 3 3 9 7 3 7 1 2 4 8 8 1 9 10 6 5 8 4
8 8 2 8 4 8 6 2 9 4 3 3 1 5 1 9 4 9 7 6
8 3 1 5 6 1 7 9 4 5 9 8 7 5 2 10 2 9 2 9
6 3 7 3 3 4 9 9 5 4 7 6 6 3 9 5 8 1 7 1
8 6 4 6 4 5 4 9 8 2 7 10 4 8 3 8 2 4 6 4
2 3 6 6 6 8 8 7 5 7 8 10 7 10 10 3 5 5 3 7
9 1 7 5 1 4 8 10 5 1 6 7 1 9 6 5 10 8 2 3
1 6 2 6 3 9 8 7 10 10 10 8 1 7 6 4 1 9 2 7
8 10 5 6 8 1 2 7 9 1 7 5 5 9 4 1 10 2 3 3
4 8 7 1 7 5 8 3 3 10 9 3 1 7 4 2 4 5 2 8
10 1 10 10 4 5 2 8 4 6 6 7 3 3 7 9 8 9 7 4
4 9 9 10 8 8 7 5 7 1 7 9 6 4 1 7 2 7 3 9
3 8 3 6 6 1 6 10 8 2 4 5 1 4 2 9 10 7 7 6
5 6 10 4 9 8 6 2 1 7 2 9 5 4 1 4 4 9 9 3
8 2 4 4 2 7 5 8 4 1 8 10 2 1 10 3 1 4 6 5
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7 8 2 0 10 4 5 3 10 9 7 2 0 1 9 2 6 1 7 9
5 0 0 1 8 5 7 3 10 4 8 10 3 9 9 6 6 6 4 5
2 1 9 9 8 2 1 1 1 1 6 9 3 3 7 10 0 8 3 1
9 6 5 3 7 0 5 9 5 6 6 7 6 7 9 8 5 6 9 5
7 4 0 6 8 0 7 2 7 5 9 5 1 9 2 3 9 10 9 3
2 7 8 0 6 8 9 8 8 10 3 0 8 7 4 1 5 1 3 10
2 5 0 6 9 10 2 2 8 6 10 6 9 10 2 5 10 0 6 2
4 3 3 5 5 5 1 0 2 4 7 9 2 9 6 4 2 4 2 6
4 9 5 8 7 1 7 10 5 1 3 7 8 2 6 9 7 2 3 7
4 1 2 10 10 6 6 10 4 1 6 8 3 9 2 5 10 4 6 2
7 9 6 0 3 8 6 1 5 9 9 8 5 3 6 0 8 3 3 4
4 1 10 2 7 10 2 8 6 0 6 6 5 3 0 9 9 8 9 6
6 8 4 5 8 6 4 9 1 8 3 1 2 9 1 5 3 8 1 9
9 7 9 6 4 1 1 5 4 9 0 3 8 8 5 8 7 4 3 10
7 10 5 9 8 3 3 7 1 0 1 0 10 0 1 4 9 1 1 8
4 8 8 0 3 6 4 7 9 9 7 3 6 9 4 9 5 7 3 8
10 10 8 8 7 1 0 5 1 7 7 9 5 5 1 4 0 6 5 6
4 0 6 10 0 7 10 1 2 7 2 5 5 4 1 6 4 8 9 9
5 5 7 8 3 5 1 3 0 6 0 0 6 10 2 8 0 4 4 6
5 10 3 1 7 0 6 0 8 8 1 4 3 3 0 7 3 3 5 9
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8 1 5 2 2 9 6 8 10 8 6 1 1 10 8
9 2 7 3 4 7 1 8 3 5 9 5 8 4 3
1 8 8 8 2 2 6 6 1 5 6 2 7 6 4
6 10 1 5 4 1 7 7 8 5 8 10 8 5 2
2 3 1 2 2 8 10 6 6 8 4 10 3 7 1
3 1 2 5 5 4 5 6 4 4 9 9 10 8 3
4 1 1 1 3 7 9 10 8 7 4 7 8 3 2
4 6 6 7 1 3 10 3 7 6 7 4 2 7 8
10 1 7 4 8 8 8 7 3 6 3 5 9 4 3
7 6 4 1 2 1 10 6 6 8 5 5 10 10 1
2 5 3 10 1 8 7 10 10 3 3 10 3 7 5
7 4 9 8 7 8 10 1 4 2 5 9 7 3 1
1 3 7 10 9 7 5 6 5 2 5 5 10 9 7
3 3 5 8 3 5 1 6 2 8 3 10 10 1 9
5 4 8 3 10 1 3 2 1 1 7 5 10 4 4
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10 0 1 0 6 7 6 0 1 5 0 5 0 5 2
0 2 4 10 8 7 2 0 0 4 9 7 8 3 8
1 8 3 4 5 5 6 0 4 4 8 3 9 8 8
2 0 7 7 9 8 7 9 9 7 5 6 4 3 5
8 10 8 3 2 7 3 8 4 2 3 3 9 8 5
7 8 3 0 8 7 7 8 8 9 6 9 5 8 6
6 10 3 6 7 0 0 2 9 0 3 4 10 6 2
9 3 6 5 8 10 3 8 5 9 7 9 7 3 9
7 4 2 3 6 7 5 3 6 6 9 8 7 3 4
2 10 9 10 0 1 2 4 10 6 1 4 9 3 9
9 4 0 7 6 7 9 2 1 0 8 2 0 0 1
8 6 5 4 3 2 3 4 0 8 5 8 3 5 1
1 7 4 2 1 10 8 0 6 6 0 6 1 9 8
6 9 10 2 6 4 3 9 9 8 1 10 4 4 9
6 2 5 7 10 6 3 7 5 4 0 7 10 2 7
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1 2 1 2 1 6 4 3 6 2 4 2 6 9 3 12 15 11 5 8
1 3 1 4 8 1 9 5 8 5 17 15 21 11 6 5 19 26 20 33
3 2 4 4 14 13 20 1 24 29 24 13 10 21 15 3 43 9 22 46
2 1 4 16 16 23 21 15 24 6 34 30 48 33 2 25 31 16 16 60
5 5 15 8 3 12 29 21 8 30 32 39 24 12 39 65 40 69 40 81
4 7 11 13 24 12 9 39 16 21 38 32 56 67 2 64 55 60 44 6
5 11 10 12 13 37 18 45 61 51 39 82 28 16 86 109 62 89 107 4
7 6 22 14 8 40 56 16 32 8 10 39 72 69 85 104 107 11 11 115
3 3 26 5 41 14 53 51 75 69 75 46 113 49 9 134 133 117 40 41
3 17 27 30 13 56 2 19 13 99 105 27 64 126 14 128 119 10 164 191
8 2 16 40 54 36 72 44 56 44 18 10 85 89 60 23 42 131 193 126
3 13 20 17 25 11 59 11 107 45 58 116 46 165 144 98 145 87 201 84
5 26 31 48 25 54 70 15 41 102 7 68 14 6 185 126 108 176 213 59
1 9 42 34 36 10 62 49 53 2 71 42 21 5 59 214 73 207 98 222
3 2 8 19 41 78 80 116 67 54 89 3 140 16 153 91 56 255 201 160
2 27 37 42 14 68 29 6 45 148 76 17 109 94 238 137 180 174 235 293
17 13 28 33 7 95 113 7 51 79 120 47 208 145 105 159 98 95 84 50
4 30 33 42 61 53 45 45 138 84 166 63 215 48 233 111 255 171 135 74
13 4 44 74 76 77 123 71 144 86 14 69 238 81 132 215 276 136 106 322
7 24 22 26 22 29 57 94 25 73 4 136 153 104 118 5 30 308 151 355
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1 1 1 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 2 6 2 8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 2 6 8 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
3 6 1 3 18 11 22 0 0 0 0 0 0 0 0 0 0 0 0 0
0 6 12 6 22 11 21 37 0 0 0 0 0 0 0 0 0 0 0 0
0 0 10 20 22 31 19 21 8 0 0 0 0 0 0 0 0 0 0 0
0 0 0 3 4 25 36 38 27 47 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 39 53 8 1 33 76 0 0 0 0 0 0 0 0 0
0 0 0 0 0 51 8 48 78 3 60 103 0 0 0 0 0 0 0 0
0 0 0 0 0 0 56 35 60 98 81 3 124 0 0 0 0 0 0 0
0 0 0 0 0 0 0 22 76 63 24 39 39 150 0 0 0 0 0 0
0 0 0 0 0 0 0 0 19 77 98 4 122 116 53 0 0 0 0 0
0 0 0 0 0 0 0 0 0 97 136 60 136 44 75 200 0 0 0 0
0 0 0 0 0 0 0 0 0 0 84 91 21 180 71 147 120 0 0 0
0 0 0 0 0 0 0 0 0 0 0 55 138 14 101 113 36 13 0 0
0 0 0 0 0 0 0 0 0 0 0 0 112 120 86 129 68 240 26 0
0 0 0 0 0 0 0 0 0 0 0 0 0 225 225 100 208 276 188 71
0 0 0 0 0 0 0 0 0 0 0 0 0 0 209 99 102 191 265 226
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 131 295 6 294 324
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 314 104 367 386
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1 1 2 2 3 3 6 7 3 8 4 11 10 2 2
1 4 6 1 10 7 2 4 7 18 15 4 10 24 7
2 6 2 7 15 10 11 6 24 29 33 22 7 1 1
4 5 12 6 8 9 15 7 30 5 20 32 18 50 54
3 2 2 3 25 19 24 5 26 26 33 7 27 17 38
6 2 18 8 22 25 23 41 40 11 33 17 52 17 13
6 7 12 22 4 26 32 6 55 5 34 3 57 4 3
5 11 13 22 19 1 8 58 10 71 19 72 102 105 26
6 17 6 13 2 27 31 63 25 53 87 77 97 116 75
8 1 20 25 43 38 48 11 31 66 38 27 67 3 134
6 9 15 40 7 7 62 26 85 5 93 112 76 111 69
7 14 19 38 57 72 46 80 90 33 68 25 122 17 79
7 6 24 45 46 50 2 103 30 57 20 101 34 137 69
6 19 4 47 22 24 16 110 116 91 65 163 7 109 136
9 10 32 8 34 24 17 108 67 64 78 72 175 128 101
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1 1 1 4 0 0 0 0 0 0 0 0 0 0 0
2 1 3 1 1 0 0 0 0 0 0 0 0 0 0
2 6 9 12 15 11 0 0 0 0 0 0 0 0 0
4 3 9 11 7 4 6 0 0 0 0 0 0 0 0
0 6 6 19 2 18 34 5 0 0 0 0 0 0 0
0 0 16 9 8 9 35 21 47 0 0 0 0 0 0
0 0 0 22 14 2 38 6 60 51 0 0 0 0 0
0 0 0 0 28 27 17 33 38 32 9 0 0 0 0
0 0 0 0 0 28 3 67 32 82 23 22 0 0 0
0 0 0 0 0 0 21 36 47 38 84 117 16 0 0
0 0 0 0 0 0 0 87 10 84 35 25 31 76 0
0 0 0 0 0 0 0 0 40 22 53 121 79 95 92
0 0 0 0 0 0 0 0 0 123 55 150 165 54 26
0 0 0 0 0 0 0 0 0 0 52 126 134 110 92
0 0 0 0 0 0 0 0 0 0 0 110 84 77 107
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2. The vector x = (x1, . . . , xn) that forms the matrix K[x]n, whose (i, j) entry is exp(−(xi − xj)
2)

n = 9

−0.832836288521668 −0.367130481392561 2.76041858916759 −0.00768634342381353
−0.811352517543005 1.33904139832248 0.971567835687405 −1.04722430717715

1.98753519614873

n = 11

1.08799691902944 −0.649960965890517 0.170763103020738 −0.56692541845881
0.259858474497883 −1.76801321450341 −0.0361299442123791 0.424501268892794

1.7952771601894 1.8935942017785 0.730243027607113
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n = 13

0.926139481562238 1.69949456322407 −1.26155250419574 0.896528173127424
1.09915716736598 2.21748558934444 0.164173464052637 0.61853880209437

0.352946436634391 −1.47058372479535 −1.38987251828574 0.830730814978345
0.245358260068989

n = 15

−0.715635705849202 0.300679290454459 0.401554925112811 −0.43634119590023
0.220180056859274 −2.86068744644033 1.40828862694712 0.899232707732856
0.281034583257072 0.718783710314092 0.848840716871424 −1.90752825349783

−0.703642334171945 −0.214549615274551 0.971664362146408

n = 100

−0.705216786306376 −0.699208745030606 −0.869233882426368 −1.04111928748146
−0.217187114741269 0.112115809137166 −0.591647799405091 1.40457599271705

1.82729017764614 1.3132929390842 −1.93871621032969 −1.55600796010932
−0.702594380763108 −2.13260191836791 −0.792807515895449 −1.24707870261572
−0.837418348529536 2.56569969785373 −1.74040366222971 1.001883688287

0.393279145613376 2.8620552830279 0.0958275112426517 −1.13150981288256
1.09269852440065 1.04044921587638 1.65469433933649 −0.177842736487939

0.144798418746449 −0.152870603356326 0.139973163864194 2.95931662853734
0.506916061972283 −0.254681533243213 0.228163304923112 2.17077328900046
0.856018348186039 −0.0473921541068157 0.494452819918719 −1.16723055685812
0.257751279225763 −0.586870111241129 −1.57145610243296 −1.83450262555552
0.658566510240662 −0.795718454252216 −0.0353501604290509 −0.655126712830729

0.00453435015880609 −0.673418740842598 −0.0296161406956579 −1.72679101852899
−0.651549109252814 −0.514477059979547 −0.0105646201644037 −0.404610053815483
−1.19380899814109 −0.553316009021409 0.362974997611367 −0.780398832196135
0.0479954003357518 −1.51883367071009 1.95863071670384 −0.0354451803901728
0.112651813495246 0.450001581108544 −0.891335195591808 −0.596809422027534
−0.1328299414758 −0.374937714625998 −1.99418462328714 −1.92110312312961

−1.85396533312825 −0.198835310552233 1.10347503188364 −2.20243500580559
2.09936195425703 1.95934009690458 1.11805451599771 0.432258868827661

−1.90816415366865 1.42765740551139 −0.016880535316102 −0.114145156708141
0.753179291528103 −0.0601015206716418 −1.02052848648951 −0.130785415621898
−2.7362250275503 −0.47212803615077 −1.788254037259 1.61768636537302

−0.479254807575192 1.17969959173737 0.444353355662296 −0.430622066575946
−1.03381551960279 −0.0401505943949058 −0.401033934252499 −1.01727235594358
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