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Abstract

We address the challenge of constructing valid confidence intervals and sets in problems
of prediction across multiple environments. We investigate two types of coverage suitable
for these problems, extending the jackknife and split-conformal methods to show how
to obtain distribution-free coverage in such non-traditional, hierarchical data-generating
scenarios. Our contributions also include extensions for settings with non-real-valued re-
sponses and a theory of consistency for predictive inference in these general problems.
We demonstrate a novel resizing method to adapt to problem difficulty, which applies
both to existing approaches for predictive inference with hierarchical data and the meth-
ods we develop; this reduces prediction set sizes using limited information from the test
environment, a key to the methods’ practical performance, which we evaluate through
neurochemical sensing and species classification datasets.

1 Introduction

In the predictive inference problem, a statistician observes a training sample {(X;, Y;)}, of
size n and wishes to predict the unknown value of Y, at a test point X, 11, where in the
classical setting, {(X;,Y;)}""] are exchangeable random variables. Vovk et al.’s conformal
prediction [26] addresses this problem, even in finite sample and distribution-free settings,
constructing a prediction band C such that C (Xp+1) covers Yy, with a desired probability
on average over the draw (X, 11, Yn11)-

In contemporary problems, however, the statistician rarely observes data from a single
set of identically distributed training examples. She often has access to data that implicitly
or explicitly arises from multiple environments. For instance, a neuroscientist investigating
diseases of the nervous system may use multiple electrodes to measure neurotransmitter levels,
with a goal to predict these levels at future time points. Variations—whether in voltage
potentials, experimental conditions, build of the electrode, or otherwise—yields data from
different electrodes that follow distinct distributions [18]. To understand the neurobiological
underpinnings of decision making, the statistician must leverage information from multiple
electrodes to develop a robust prediction model that alleviates spurious electrode-to-electrode
variations. Even in cases in which one tries to exactly replicate data generating methodology,
distribution shift effectively means that prediction methods lose substantial accuracy [20, 23].
In this paper, we investigate and develop methodology for constructing prediction intervals
for such multi-environment problems.



1.1 Problem Setting

Data from multiple environments should improve predictions on a target only if the training
and test data share common characteristics. To model this, we operate under a framework
of hierarchical sampling [19, 16, 9], where one assumes that data from different environments
arise from a common hierarchical model. Specifically, let P be a set of distributions on X x Y,
where ) is the outcome/response space and X is the space of covariates. Let u denote a
probability distribution on P x N. Consider a sequence of exchangeable random pairs

(Pxy 1), (P ing1) (1)

generated from p, where in training we observe i.i.d. samples

. . . . ) . . "d . .
(XZ>YZ) = {X;’}/}Z}?lzlv (XJZ’Y;) ~ P)Z(Yv J € [nl]v

for i € [m], treating P)i(Y as the ith environment. In the test, we observe an i.i.d. sample

{X;-”H}?’:"f ' generated from the marginal distribution on X according to the (m + 1)st

P)’("{/F ! and we wish to construct confidence sets for the unknown responses {Y;”H}?;”f’ ' with
valid coverage. We depart from the traditional predictive inference literature in the sense that
individual observations are not exchangeable. Instead, we focus on a more flexible assumption:
within each environment, the observations are exchangeable, and the environments themselves
are exchangeable as well. This weaker assumption allows addressing scenarios where the data
may exhibit variations across different environments, but defining valid coverage therefore
requires careful consideration.

To that end, we consider two plausible coverage notions for multi-environment settings.
The first considers properties close to those conformal coverage guarantees [26, 2] provide: we

seek a confidence set C that covers a single example with a prescribed probability.

Definition 1.1. A confidence set mapping C:x= Y provides 1 — « hierarchical coverage
in the setting (1) if for the single observation (X7"™, Y™ 1) ~ PAEL

P (Y1m+1 c é(X;n“)) >1-a. 2)

Dunn et al. [9] and Lee et al. [16] both adopt the guarantee (2) as a notion of coverage
in hierarchical data generation scenarios. Instead of this marginal guarantee over a single
observation from the new environment m + 1-—and given the setting (1) that we expect to
collect multiple observations from each environment—it is also natural to consider coverage

notions over entire new samples (X" Y"™) = {(X;-"'H, Y}mﬂ)};@f’ '. We therefore define the
following stronger coverage property.

Definition 1.2. A confidence set mapping C:Xx=Y provides distribution-free level (a,d)-

. iid .
coverage if for (X]m“, ijH) ~ P}}?l, j=1,...,n,

1 < ~

P(n Si{ytecxpt) - a> >1-4. 3)
j=1

That is, the confidence set covers a 1 —a fraction of observed examples in the new environment

with probability at least 1 — J; taking n = 1 shows that (2) follows (3).



1.2 Main Contributions

Our main contributions include the following.

1. We introduce the multi-environment jackknife and split conformal methods (Algorithms 1
and 2, respectively). Theorems 1 and 2 establish that these provide distribution-free level
(a, §)-coverage (3) when the response space ) = R. These algorithms, as well as other
procedures for hierarchical predictive inference, straightforwardly extend (see Algorithms
5 and 6) to general response spaces ), and they continue to provide (a, d)-coverage (see
Theorems 3 and 4).

2. Our experiments indicate that multi-environment algorithms can be conservative. To mit-
igate this, we propose a novel resizing method (Algorithm 7) to reduce the size of pre-
diction sets given access to a limited amount of information from the test environment.
This strategy appears to be useful for predictive inference problems more generally; for
example, applying the resizing idea to Lee et al.’s algorithms [16], we observe notable set
size reduction.

3. We develop new consistency theory (see Theorems 6 and 7) for multi-environment predic-
tive inference, showing how both multi-environment jackknife and split conformal methods
produce consistent confidence sets.

4. We investigate the behavior of both our algorithms, which target (a,d)-coverage (3),
and previous work on hierarchical conformal inference [16], evaluating methods on neu-
rochemical sensing [18] and species classification [15, 6] data. Our experiments reveal
that the multi-environment jackknife tends to yield smaller confidence sets than the split-
conformal methodology when there are fewer training environments. Conversely, the multi-
environment split conformal method demonstrates better performance when the number
of training environments is large.

1.3 Related Work

Standard predictive inference methods include split-conformal [26, 17, 7, 22] and modified
jackknife procedures [4]. The current paper extends these to multi-environment problems.
Split conformal prediction separates the data into a training and a calibration set, using
the training data to fit a model and the calibration data to set a threshold for constructing
prediction intervals. Since it only splits the data once, the method may sacrifice statistical
efficiency for computational gains. Addressing this issue, jackknife-style procedures use all
available data for training and calibration by fitting leave-one-out models, increasing com-
putational cost for accuracy. Both methods require exchangeability of the entire observed
data to ensure valid coverage, while multi-environment methods work under the weaker as-
sumption that within (but not across) environments, observations are exchangeable, and the
environments themselves are exchangeable.

Recognizing the challenges inherent in collecting data, implicitly or explicitly, across mul-
tiple environments, a recent literature considers conformal prediction under hierarchical mod-
els, assuming the multi-environment setting (1). Among these, both Dunn et al. [9] and
Lee et al. [16] study conformal prediction under hierarchical sampling and propose meth-
ods satisfying the marginal coverage guarantee (2), as well as a few other distribution-free
guarantees, which may be a satisfying coverage guarantee for many applications. The («, §)-
coverage condition (3) requires coverage for multiple observations in the test environment



simultaneously, necessitating new development, as it is unclear if existing multi-level confor-
mal approaches [9, 16] satisfy it.

1.4 Paper Outline

The remainder of this paper is organized as follows. Section 2 introduces multi-environment
jackknife-minmax and multi-environment split conformal. Section 3 presents a general for-
mulation of confidence sets and extends our methods to settings beyond regression. Section 4
proposes a resizing method for reducing the average length of prediction sets. Section 5 devel-
ops a consistency theory for the general formulation of confidence sets introduced in Section 3.
Section 6 applies our methods to neurochemical sensing and species classification data [18, 6].
Appendix A contains technical proofs and Appendix B contains additional simulations.

2 Methods for regression

To introduce our basic methods, we assume the target space J = R. In this case, we wish
to return a confidence set C': X = R, and typically C'(x) is an interval. We define a fitting
algorithm A to be a function that takes a collection of samples as input and outputs an element
of F C X — Y. To describe our algorithms formally, we introduce the following mappings.

Definition 2.1. For values v;, i = 1,...,n, define the quantile mappings

Z]\:a({vz}) = the [(1 —a)(n+ 1)] th smallest value of v1,...,vn,
Tno({vi}) = the |a(n+1)] th smallest value of vy, ..., v, = =4} o({—vi}).

We also recall the notation (1) that the ith sample (X', Y") = {(X},Y])}72,.

2.1 Multi-environment Jackknife-minmax

We first introduce a multi-environment version of Barber et al.’s jackknife-minmax [4]. The
idea is simple: we repeatedly fit a predictor f_; to all environments ezcept environment i,
then evaluate residuals on environment ¢ to gauge the typical variability while predicting on a
new environment. We define f = A((X1, Y1), ... (X™,Y™)) to be the predictor we “would”

fit given all environments and consider the leave-one-out predictors
Foi=A(XL YY), (XL Y (XL YY) (X Y™

From these, we construct the leave-one-out residuals for each example j = 1,...,n; in envi-
ronment %, letting
Rl = Y} = FL(X0)| for j € [ni, i € m).
We then pursue a blocked confidence set construction. Within each environment, we let
Si_, = @;a({R;}TZl) be the 1 — a quantile of the residuals for predicting in environment
1 using f_;. To obtain an interval that is likely to cover, we use quantiles of these residuals

across environments, as the environments are exchangeable. We therefore construct intervals
of the form

C(x) = flow(x) - len,(s({si'—a}i)a fhig;h(l') + @,5({Si—a}i) )

where all that remains is to choose fiow and fpign to obtain valid coverage. Algorithm 1 achieves
this, using the minimum and maximum values of the held-out predictions to construct the
multi-environment jackknife-minmax confidence set.



Algorithm 1: Multi-environment Jackknife-minmax: the regression case

Input: samples {X;, Y;};“:l, t=1,...,m, confidence levels o, §
For:=1,...,m, set

Foi=A(XLYY, . (XL Y (XL YT (X y™)
and construct residual quantiles
R;- = \Y; — J?_Z(X;)\, j=1,...,n; and Si_a = Zj;fi@ ( ’i, é, . >R£u) .

Return confidence interval mapping

~

O™ () = | min Fa(e) = G5 ((81-a)0)  mivx Foa(a) + 5 (1810 H2) |

1€[m]

Ajk-minmax

M6 Algorithm 1 returns pro-

Theorem 1. The multi-environment confidence mapping
vides level (a, d)-coverage (3).

See Section A.1 for the proof. In words, with probability at least 1 —§, the prediction intervals
from Algorithm 1 cover at least (1 — ) X 100% of the examples in the test environment.
Remark In Algorithm 1, it may appear that taking the minimum and maximum of
the held-out predictions could yield conservative prediction intervals; intuitively, suitably
corrected § and (1 — &) quantiles (as in the jackknife+ [4]) of f_;(x) & S%_, should yield
a confidence set satisfying the guarantee (3). Unfortunately, this approach fails to provide
(a, §)-coverage; see Appendix B.

2.2 A multi-environment split conformal method

We also introduce a multi-environment version of split conformal inference. Our algorithm

partitions the environment index set {1,...,m} into subsets D; and D> randomly. We use
the data in environments indexed by D; to fit a model fp, = A({X?,Y7},cp,) with which
we construct residuals for each example j = 1,...,n; in each environment ¢ € Dy. Then for

each environment in Dy, we construct the (1 — «)-th quantile of its n; residuals. This yields
a set S{_,, ¢ € D, of quantiles. To obtain a likely-to-cover interval, we consider as before
quantiles of these quantiles, constructing a prediction interval of the form

Fou @) = a5 (15 adiens) - Fon @) + @5 (1510} ien,) |-



Algorithm 2: Multi-environment Split Conformal Inference: the regression case

Input: samples {X Ji», Y;};“:l, i € [m], confidence levels «, 4, split ratio

Randomly partition {1,2,...,m} into two sets D; and Do such that % = .

Set R o
fD1 = A({XJ’Y]}jGDl)'

For i € D,, construct residual quantiles
Ry = Vi = o, (X))|, 5 =1, mi, and S =, o (RS, B, RY,)

Return confidence interval mapping

~

Crras(@) = |Fou(@) = @5 ({Si-adicn,) - Fou @) + 85 ({S1-a}ien,) |

Theorem 2. The multi-environment confidence mapping Ceplie Algorithm 2 returns provides

m,a,d
level (a, §)-coverage (3). If additionally the observations Yj are almost surely distinct,

Nm+1
el 1
§ : +1 split +1
’ =1 1{Y3m € Cnas <X7m )} 2 [1=a)(ma+ D] s 10+ m(l—7)+1

See Section A.2 for the proof.

We discuss the relative merits of our algorithms. They both provide valid coverage as
proved in Theorems 1 and 2. Multi-environment split conformal fits the model once, and is
therefore computationally attractive. Moreover, we expect this method to be less conservative
since it does not take a maximum or minimum over predictions coming from multiple models.
In contrast, multi-environment split conformal uses fewer samples both to fit the initial model
and to construct the residual quantiles. Thus, we expect it to suffer when the number of
training environments is relatively small. We demonstrate these points further via real data
experiments in Section 6.

2.3 Methods to achieve marginal coverage in hierarchical predictive infer-
ence

As we discuss earlier, Dunn et al. [9] and Lee et al. [16] provide predictive inference methods for
the hierarchical (multi-environment) setting (1), focusing on guarantees that provide coverage
for a single new observation (2), as in Definition 1.1. Focusing on the more recent paper [16],
we review (with a correction to avoid an accidental infinite quantile [16, App. A.2.1]) their
hierarchical jackknife4 and hierarchical conformal prediction algorithms. In the procedures,
we let J, denote a point mass at z, and for a distribution P on R, define the (usual) left
quantile and (non-standard) right quantile mappings Qq(P) := inf{t | P(Z < t) > a} and
QL (P) =sup{t| P(Z <t) <a}.



Algorithm 3: Hierarchical Jackknife+ (Lee et al. [16])

Input: samples {X}, Yf};“zl, i € [m], confidence level «

Fori:=1,...,m, set
= A(XLYY, (XL YT, (XL Y (xm Y™,
and construct residual quantiles
Ri=|Y] - foi(Xhl, j=1,....m
Return confidence interval mapping

Chikt (1) = [low(), high(z)],

where
1 0 (Y L ) L
) = Qe L2 o Ty )
i=1 j=
e S 1 —
(o) = Qe 33 Gy ey ¥ gy )
i=1 j=

Algorithm 4: Hierarchical Conformal Prediction

Input: samples {X Ji», Y;};‘;l, i € [m], confidence level «, split ratio
|D1]

Randomly partition {1,2,...,m} into two sets D1 and Dj such that =1 = .
Set

foy = A{X?, Y }jep, ).
For i € Dy, construct residual quantiles
R;:’}/;Z_fDl(XJZ)’> jzl,...,ni

Set
T wla (IDi[+)n; BT Di[+1 “t°)

i=my+1 j=1

Return confidence interval mapping

Che® () = [ Fu(2) = T, fou (2) + T

These algorithms construct prediction intervals for a single observation (X i"“, Ylmﬂ) in
the test environment m+ 1, providing guarantees of marginal coverage (2) as in Definition 1.1.
In particular, Lee et al. [16] prove the following results.

Corollary 2.1 (Lee et al. [16], Theorems 1 and 5). The jackknife+ mapping 6}3%“; that
Algorithm 8 returns provides 1 — 2« hierarchical coverage, and the conformal mapping C}}ﬁz

that Algorithm j returns provides 1 — « hierarchical coverage.

These results are not completely comparable to («, §)-coverage guarantees (Definition 1.2).
We do so somewhat heuristically in our experiments in Section 6.4, where for values of



a € (0,1)—the outer coverage guarantee, over environments—we may vary J to compare
performance of the methods. Previewing our results, it appears that both the hierarchical
jackknife+ and split-conformal methods generate prediction sets with comparable size and
coverage properties to the multi-environment methods in Algorithms 1 and 2.

3 General confidence sets and extensions

To this point, we have described our algorithms for real-valued predictions, where confidence
intervals C(xz) = [a,b] are most practicable. Here, we generalize the algorithms beyond
regression, where the target space may not be the real line and the prediction sets may be
asymmetric. We first present the general formulation and abstract algorithms. Subsequently,
we specialize our construction to demonstrate implementation in a few cases of interest: (i)
when we represent general target spaces ) and confidence sets by labels y that suffer small
loss under a prediction f(x), i.e., {y € Y | l(y, f(z)) < 7}, and (ii) for quantile regression-type
approaches, which allow asymmetric confidence sets in regression problems [21].

3.1 General nested confidence sets

We begin with our most general formulation. Here, we treat confidence sets themselves as the
objects oAf interest (adopting the interpretation [11]), rather than any particular prediction
method f, and assume that confidence sets are indexed by a threshold 7 and nested in that

Cr(z) C Crys5(z) for all § > 0.

We assume now that the algorithm A returns a collection of confidence set mappings {CA’T}TE]R,
where each C; : X == ) is a set-valued function. To see how this generalizes the initial
Algorithm 1, note that we may write

Cr(x) = [f(x) = 7. f(2) + 7] or Cr(@) = [fiow(®) = T, frign() +7].

Assuming A can perform this calculation, the immediate extension of Algorithm 1 follows.

Algorithm 5: Multi-environment Jackknife-minmax via nested confidence sets

Input: samples {XJZ:, Yf};“zl, i € [m], levels a, 0, predictive set algorithm A

Fori=1,...,m, set
(Critrer = A((XL, YY), (XL YT, (XL YLy o (xm y™),
and construct residual quantiles
R :inf{r 1Y} e é;i(X;i)}, j=1,...,n; and Si_, =g’ (R, R)...,R.).
Return confidence interval mapping with 7 = g3 ({S}_,}7,),

Cgrl:zgnmax (.%') =

|
-
~|)|>
&

~ .
jk-minmax

M0l Algorithm & returns pro-

Theorem 3. The multi-environment confidence mapping
vides level (a, d)-coverage (3).



The proof of Theorem 3 mimics that of Theorem 1, and we present it in Section A.3.
Similarly, the extension of Algorithm 2 follows.

Algorithm 6: Multi-environment Split Conformal via nested confidence sets

Input: samples {Xj’:, Y;}?’Zl, i € [m], confidence levels a, d, split ratio v, predictive set
algorithm A

Randomly partition {1,2,...,m} into two sets D; and Dy such that % = .
Set {CP }rer = A({(X*, Y*)}iep,)-
For i € D5, construct residual quantiles
R;:inf{mgieé?l (X;i)}, j=1,...,n; and Si_, =G’ . (R}, Rb,...,R. ).

Return confidence interval mapping with 7 = qA(;“ ({S{'_ Oé}i c D2) ,

-~

CPY (z) := CP'(x).

m,o,d

Theorem 4. The multi-environment confidence mapping Cplit Algorithm 6 returns provides

m,o,d
level (o, §)-coverage (3). If additionally the scores Si_,, are almost surely distinct, then

Nm+1
s 1
m+1 split m+1 > _ <1_—
P ngl 1 {Y] IS Cm,a,5 <X3 )} > ’—(1 a) (Nmt1 + 1)1 <1-6+ =) 1

We omit the proof of Theorem 4, as it mutatis mutandis mimics that of Theorem 2.

3.2 Specializations and examples of the nested confidence set approach
We specialize the general nested prediction set Algorithms 5 and 6 to a few special cases where
implementation is direct and natural.

3.2.1 General loss functions and targets

In extension to the preceding section, we consider the following scenario: we have targets
y € ), covariates © € X, and prediction functions f € F € X — RF. Then for a loss
¢:Y xRF - R, we consider predictive sets of the form

Cr(z) ={y € Y[ Ly, f(2)) <7}

where, for now, f € F and 7 € R are left implicit. These are nested, allowing application
of Theorem 3 and Algorithm 5. A slight specialization allows easier presentation: define the
residual losses on environment ¢ by

R =t (v, X)),



where as previously f,i is the leave-one-out predictor f,i = A((XF, YR ki) Setting SYE o=

ar ({Ry)} ;), the nested union in Algorithm 5 is exactly

~

Gaeme) = Ly €3 i F ) < 3¢ (1982, 0) b

~

Corollary 3.1. The loss-based set CO-™ ™M™ provides (av, §)-coverage (3).

m,a,d

3.2.2 Quantile regression

Romano et al. [21] highlight how moving beyond symmetric confidence sets to use quantile-
based regressoin functions allows more accurate and tighter confidence bands even for R-valued
responses Y. Algorithm 5 and Theorem 3 let us adapt their technique to obtain quantile-type
confidence sets in multi-environment settings. Imagine we have two algorithms fitting lower
and upper predictors

/l\fi = Alow ((Xka Yk)k#z) ) ’l/jj,i = Ahigh ((Xka Yk)k#l) ;

~

where we leverage the idea that the methods target that Y lies in [
prescribed probability 1 — a. To construct nested confidence sets from

x),u
e

i _i(z)] with a
U, W

I
l, set
Ori(z) = [T_Z-(.@ — () + T} .
Specializing the generic construction in Algorithm 5 to this case, set the residuals
Ry = max {T4(X]) - Y}, Y = a4(X)) }
which by inspection satisfies

R} = inf {T €ER| T_Z(X]Z) —7 <Y} <U(X]) +T} :

We then construct St = ffof({R;};“:l) (as in Algorithm 5), and setting 7 = g5 ({S_,}7,),
the multi-environment jackknife-minmax confidence set takes the form

~

m
() = | [Lile) = 7, -i(2) + 7]
=1

This set provides valid coverage by Theorem 3:

Corollary 3.2. The lower/upper set @};’?isnmax provides (a, d)-coverage (3).

4 Resizing residuals to reduce interval lengths

Our experimental results in Section 6 make clear that naive application of multi-environment
algorithms often produces wide prediction intervals. The bottom plots in Figures 6.1 and
6.3 show that the average size of the confidence sets are particularly large when the input
parameter ¢ is small. This conservativeness is a natural consequence of the constructions of
the multi-environment confidence sets, just as Romano et al. [21] note that naive symmetric
and uniform prediction intervals (i.e., those of the form C(z) = [f(z) — 7, f(z) + 7]) can be

10



overly conservative as they must typically cover even values X for which Y is highly non-
symmetric or has high variance. In our context, this presents when an environment ¢ has
residual quantile Si_, much larger than the rest—it is an outlier environment. For small 4,
such outlier environments mostly determine the 1 — § quantile of the training environments’
scores Si_, and consequently, these outlier training environments govern the size of the
confidence set for test samples regardless of whether the test environment is outlying.

To mitigate this issue, we scale the residual quantiles by a resizing factor so that the
adjusted quantiles (i) remain exchangeable, and (ii) are supported on a similar range for all
environments. We compute the 1 — § quantile of these adjusted residual quantiles. Finally,
we multiply this 1 — § quantile by the test environment’s resizing factor to construct valid
confidence sets. This way, the constructed confidence set length remains small if the test
environment is not an outlier. Since the probability of any environment being an outlier is
small, the size of the constructed confidence set tends to be small on average.

The question therefore turns to finding an accurate strategy for constructing these resiz-
ing factors. One natural approach is—if they are available—to incorporate environmental
covariates. If environmental covariates e € £ are available for each environment, then we can
estimate resizing factors using them, as an expanded covariate (X, ) remains i.i.d. conditional
on the environment. (One could also incorporate these into the predictor f : X x £ — ) via
an expanded covariate (X, e).) Alternatively, we show that given access to a limited amount
of labeled data from the test environment, one can indeed construct suitable resizing factors.
We describe our strategy in the context of the multi-environment split conformal algorithm.

Suppose we observe L™ labeled random examples from the test environment. As before,
we partition the training environments into two sets D1 and Ds. Using data from environments
in Dy, we construct a nested confidence set {&}T@R. We randomly select L™T! samples
from each training environment and compute residuals for these samples using the {C;} cr
confidence sets. We then pick some quantile o close to 0, and compute the 1 — oy quantile
of these residuals as the resizing factor for each environment. As a result, the resizing factors
for outlier environments tend to be large as desired. FEmpirically, we find that ag = 0.05
works well for a reasonable range of input . One can adapt this approach to any of multi-
environment jackknife-minmax, hierarchical conformal prediction, or hierarchical jackknife+;
Algorithm 7 shows how to do so for multi-environment split conformal prediction.

11



Algorithm 7: Resized Multi-environment Split Conformal

Input: samples {X]’:7 Y;}?’Zl, i € [m], labeled samples {X?H,Y}mﬂ}j@mﬂ, confidence

levels «, 6, split ratio v, predictive set algorithm A, resizing quantile ag

|D1]

Randomly partition {1,2,...,m} into two sets D1 and Dj such that =1 = .
Set {CF1}rer = A{(X", Y") }ien, )-
For i € Do,

1. Compute residuals

Ry=if{r| Ve (X))}, j=1....m

2. Randomly select |L™"!| samples in environment i, and denote the set of selected
samples as L*. Compute the resizing factor

i . ~t ) )
s' = 9 L), a0 ({R;‘}jeu) ’
and resized residual quantiles
i~ i i
Sl—a = lp;a ({Rj/s }]E[m]\LZ) :
Compute the resizing factor for the test environment
m+1l . ~+ 7
s = A pmt1)aq ({Rj}jeLmH) :

Return confidence interval mapping with 7 = s™+1 . ngr({S{_a}ieDz),

Cresized(z) .= CP' ().

As long as the resizing factors s°,i € Dy U {m + 1} are exchangeable and independent of
samples (X%, Y;),i € in}?;l,i € D1, the proof of Theorem 2 immediately extends to show the
following result:

Theorem 5. The multi-environment confidence mapping CA’ﬁfsnggd (z) that Algorithm 7 returns
provides level («, 0)-coverage (3), that is, the event

E,, = { Z \Lerll{}/jm—I—l c Crrs’séz’%d(X;n-&-l)} > [(1 - a)(nm—f—l . |Lm+1| + 1)'| }
JEMm+1]
satisfies P(Ey,) > 1—4. If additionally the quantiles Si_,, are distinct with probability 1, then
1

P(Em) <1-0+ ol

5 General Consistency Results

In this section, we develop a theory of consistency for the nested confidence sets in Section 3.
We define consistency via convergence to a particular limiting confidence set mapping. When
this confidence set is in some sense optimal, then our methods are consistent. To that end,

12



we shall assume there is a fixed collection {C;} of nested confidence sets, and we let E be a
random environment drawn from the collection of possible environments &, letting P(- | E)
denote the induced distribution conditional on E. For a fixed «, ¢ € (0, 1), we define

(0, a) =inf{rst. P(P(Y € C-(X) | E) >1—a) >1—6}.

Thus, for the given confidence mappings C' = {C;}, the value 7*(d, ) yields the smallest

confidence set providing (0, a) coverage (Definition 1.2) at a population level. Then for Al-
Ajk-minmax

m,a,0 and

gorithms 5 and 6 to be consistent, we must have the resulting confidence sets
~split

ey approach Cr+ in an appropriate sense.

5.1 Conditions and preliminary definitions

We require a few more definitions, providing examples as we state them. For a given nested
confidence family C' = {C}, we define the coverage threshold

7(z,y,C) =inf{r e R |y € C;(x)} (4)

to be the smallest value 7 such that C,(z) covers y.
Example 1 (Coverage thresholds): The coverage threshold (4) has straightforwardly com-
putable values for most of the “standard” cases of confidence sets we consider. For the
interval-based confidence set Cr(z) = [f(x) — 7, f(x) + 7], evidently 7(z,y,C) = |f(z) — y|.
For the lower/upper sets we use in quantile regression (recall Section 3.2.2), where C7(z) =
[[(x) =7, u(x) + 7], we have 7(z,y, C) = max{l(z) — y,y — u(z)}, so that 7(X],Y/,C~") = R}
is simply the residual. For the generic loss-based set Cr(z) = {y | {(y, f(z)) < 7} (recall
Section 3.2.1), it is immediate that 7(z,y,C) = £(y, f(x)), and so once again we have equality
with the residuals R = r(X7,Y/,C%). ©

To discuss convergence of the estimators in general, we must address various modes of

quantile convergence, which we do at a generic level via convergence in distribution. To that
end, for an R-valued random variable Z, let

L(Z | P)

denote the induced probability law of Z under the probability distribution P. For example,

given observed values of (X;, YJZ) g Pi j=1,...,n;, we denote the corresponding empirical
distribution as P'. Then L(T(X,Y, 6‘1) | P%) denotes the empirical distribution of the values
T(X;, in, C~%). We recall the bounded Lipschitz metric between distributions P and Q,

IP= Qg = sup / f(dP — Q).
<1

1o <L IS llLip<
noting that for any distribution P on RY, if ﬁn denotes the empirical distribution of Z; i P,
i=1,...,n, then | P, — P|lgL “3 0 (see, e.g., van der Vaart and Wellner [25, Chs. 1.10-1.12]).
An essentially standard lemma relates convergence in the bounded Lipschitz metric to
quantiles; for completeness we include a proof in Appendix A.4.

Lemma 5.1. Let Q be a distribution on R with a-quantile Qo (Q) such that if Z ~ @, then

QZ<Qu(Q)—u)<a and Q(Z < Qa(Q)+u) >«

for all u > 0. Then the quantile mapping Qn is continuous at Q for the bounded Lipschitz
metric: for all e > 0, there exists § > 0 such that if | P — Q|lg;, < 6, then |Qa(P)—Qa(Q)| < €.
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With these definitions, we make a few assumptions on the convergence of the estimated
families of nested confidence sets. After stating the assumptions, we will revisit the ma-
jor examples of confidence sets we have considered—the symmetric sets in the basic multi-
environment jackknife-minmax (Section 2), the loss-based sets in Section 3.2.1, and the
quantile-type sets in Section 3.2.2—and show natural sufficient conditions for the assump-
tions to hold.

The first two relate to consistency and continuity of the nested confidence sets.

Assumption Al.a. Fix environment E =14i. Asn — oo,

%0,

Ha(T(X, Y,C) | PY) - L(+(X,Y,C) | PY) .

where C~ = {a;i}reR is defined in Algorithm 5.

Assumption Al.b. Fix any validation environment E =1i. Asn — oo,

%0,

| vy P - cix v 6P | P

where CPt = {CP1}.cr is defined in Algorithm 6.

Assumption A2.a. Let A be a measure on Y, fix 7* € R, and let € > 0. Define the (random)
subsets

Bfw = {a: € X st A (agi(x)ACT* (;U)) > e} ,

indexed by n € N,7 € R, and i < m, of X. Let 7(n) be such that lim,_soo 7(n) = 7. Then
for suitably slowly growing m = m(n) — oo, the X-measure of By . = U;'n:1sz,T satisfies
limy, 00 Px (B, 7(n)) = 0 with probability 1.

Assumption A2.b. Let \ be a measure on Y, fiz 7 € R, and let € > 0. Define the (random)

subsets . R

BePlt {a; € X st A (cf?l (X)ACT*(X)) > e} ,
indezed by n € N,7 € R, and i < m, of X. Let T(n) be such that lim, oo 7(n) = 7*. Then
the X -measure of Bffilt satisfies limy, o0 PX(BSpht ) = 0 with probability 1.

n,7(n)

These give a type of consistency of the confidence set mappings C~% and CP1 to C.

5.1.1 Examples realizing the assumptions

A few examples may make it clearer that we expect Assumptions Al.a and A2.a to hold.
Similar arguments apply for Assumptions Al.b and A2.b, and thus are omitted. Through-
out the examples, we make the standing assumption that if 7 is the (prior) distribution on
environments and Px = [ Pgdn(e) is the marginal distribution over X, then

sup D,2 (P%|Px) < pig < o0.
eck

Note that in this case, for any function g : X — R, we have

)/Q(dpe_dP)‘ = ‘/g (CZ: - 1> dP’ < \/IW\/WS VEp[g%lpy2,
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and in particular, for any set A C X', we have |P¢(A) — P(A)| < /P(A)p,e.

We now give three examples: regression, quantile regression, and (multiclass) logistic

regression, and for each we provide a simple sufficient condition for Assumptions Al.a and A2.a
to hold. For all three examples, the sufficient condition assumes the leave-one-out predictions
converge uniformly on compact sets. As the arguments are technical and do not particularly
impact the main thread of the paper, we defer the formal proofs to appendices.
Example 2 (The regression case): In the case that we perform regression as in Section 2,
we assume the existence of a population function f(z) = E[Y | X = z], where the expectation
is taken across environments, and .]?_Z' — f for each i. We assume this convergence is nearly
uniform on compact sets: for each € > 0, there exists a subset X, such that

sup |fi(@) — f(#)| %30 and P(X.)>1—e. (5)
TEX,

Let A be Lebesgue measure. Then the locally uniform convergence condition (5) implies
Assumptions Al.a and A2.a for \; see Appendix A.5 for the argument. <

Uniform convergence on compact sets is not a particularly onerous condition for standard
problems. For example, for a linear regression model, if the estimate for model coefficients
converges almost surely to the model coefficients, then assumption (5) holds trivially.
Example 3 (Quantile regression): In the case of quantile-type regression problems, we recall
Section 3.2.2, and we assume the consistency conditions that

(7)) = Qqp(Y | X =) and u(z) = Qiqp(Y | X = 2),

and that for each z, Y | X = x has a positive density, so that [ and u are unique. Then in
analogue to condition (5), we assume that for each € > 0, there exists X, such that

Sup max {\ZA_i(x) (@), [T () — u(:c)y} 930 and Py(X)>1—-« (6)
T € Xe

As in Example 2, if A is Lebesgue measure, then the convergence (6) implies Assumptions Al.a
and A2.a for A. See Appendix A.6 for a proof. &

Example 4 (Classification and logistic regression): We consider a k-class logistic regression
problem, where we take the loss

k
{(y,v) = log (Z 61””9) = log (1 + Z e“i”y)_
i=1

iy
We assume the predictors f : X — R* are (Bayes) optimal in that they satisfy
exp([f(2)]y)
k
2i=1 xp([f(2)];)

As the loss £ is invariant to constant shifts we make the standing w.l.o.g. assumption that
f(x) and f(z) are always mean zero (i.e. 17 f(x) = 0) and assume the consistency condition
that for each ¢ > 0, there exists X, C X such that

=PY =y| X =2x).

xs;l)[()e Hf_z(m) — f(a:)H 20 and Px(X)>1-—e (7)
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In this case, the uniqueness of quantile estimators requires a type of continuity condition that
was unnecessary for the regression cases, and we make the additional continuity assumption
that for each ¢ € Ry and y € [k], the set {x € X | {(y, f(z)) = ¢} has measure zero. As a
consequence, the sets

D, = {x € X | there exists y s.t. |[{(y, f(x)) — | < €}

satisfy lime_,o Px (D) = 0 for each ¢, by continuity of measure.
An analogous argument to that in Examples 2 and 3 then shows that the conditions above
suffice for Assumptions Al.a and A2.a to hold with counting measure. See Appendix A.7. <&

5.2 Consistency of the multi-environment Jackknife-minmax

With the motivating examples in place, we now provide the main convergence theorem. We
state one final assumption, which makes the environment-level quantiles sufficiently unique
that identifiability is possible.

Assumption A3. Define the quantile of the coverage threshold (4) on environment i by
Qi_a(P") =1inf {t | P(r(X,Y,C) <t) >1—a}.
For a given ¢, there exists a (unique) q(8) such that for any u > 0,
P (Qi—a(PF) < q(0) —u) <10 and P(Qi—a(P¥) < q(d) +u) >1-34,
where the probability is taken over E drawn randomly from &.

Given this assumption, we can show that the X-measure of sets where the multi-environment
jackknife-minmax and “true” confidence set Cr+(s ) make different predictions converges to
Zero.

Theorem 6. Let A be a measure on Y such that Assumptions Al.a, A2.a, and A8 hold. Let
€ >0 and m = m(n) be a sufficiently slowly growing sequence. Then the Px measure of

Ble) = {a; € X such that A <6’jk'minmax(a;)ACT*(5ya) (a:)) > e}

m,a,d

satisfies PX(E(G)) 20.

Proof The key step in the argument is to recognize that Assumptions Al.a and A3 give
consistency of the estimated threshold 7:

Lemma 5.2. Let Assumption Al.a hold and A3 hold for the choice §. Then for all suitably
slowly growing sequences m = m(n) — oo, the global estimated threshold 7 := g5 ({Si_,}m™,)
in Algorithm 5 converges almost surely: T %3 q(5).

We defer this proof to Section A.8, continuing with the main thread of the theorem.

Let m = m(n) be a sequence tending to co but such that the conclusions of Lemma 5.2
hold. Let 7 = g ({Si_,}"™,) be the random d-quantile in Alg. 5. Lemma 5.2 guarantees that

~Q.S.

7T = q(9). Following a slight variation of the notation of Assumption A2.a, define the sets
B! ={x| )\(C;Z(x)ACT*((;’a) (z)) > €}. Then

{1 A (CRmm (@) ACr g0y (2)) 2 €} € 0 B!
=1

and Assumption A2.a guarantees that the latter set has Px-measure tending to zero. O
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5.3 Consistency of multi-environment split conformal prediction

Similarly, we can show that the X-measure of sets where the split conformal and “true”
confidence set C7«(5 ) make different predictions converges to zero.

Theorem 7. Let A be a measure on Y such that Assumptions A1.b, A2.b, and A3 hold. Let
€ >0 and m = m(n) be a sufficiently slowly growing sequence. Then the Px measure of

~ o~

B(e) = {x € X such that X (C’Split () ACx(5,0) ($)) > e}

m,o,d

satisfies PX(E(G)) 20.

Proof Asin Lemma 5.2, we let m = m(n) be a sequence tending to co such that the global
estimated threshold 7 = g ({Si_,}iep,) in Algorithm 6 converges almost surely to g(). Use
Assumption A2.b to complete the proof. O

6 Real Data Examples

6.1 Neurochemical Sensing

In this section, we apply our algorithms to the prediction of neurotransmitter concentration
levels, with a specific focus on dopamine [14]. Estimating dopamine levels in awake, function-
ing humans at a relatively high frequency is a notoriously challenging task. Yet dopamine
governs critical human behavior, thus understanding stimuli that maintain healthy dopamine
levels is of crucial importance.

With the advent of modern technology, scientists now have access to extensive lab gen-
erated multi-environment data that can aid in improving human dopamine level predic-
tions [19, 3]. To this end, scientists expose electrodes to various known dopamine concen-
trations and collect measurements of currents that pass through the electrodes at different
voltage potentials (say p different potentials). From each electrode, the scientist obtains a
matrix, where each row records the different current levels in the electrode, when one changes
its potential over a set of p values while exposing it to a specific dopamine concentration
level. For each electrode exposed to a certain concentration level, the scientist collects mul-
tiple p-dimensional measurements corresponding to different time points. By changing the
concentration over several levels (say ¢ levels) and collecting multiple observations at each
level (say t observations), the scientist obtains n = ¢ x t observations in total, resulting in
an n X p covariate matrix from each electrode. The ¢t measurements corresponding to each
level might exhibit weak correlations, but since state-of-the-art scientific work in the area [19]
treats these to be independent, we stick to this convention. The outcome corresponding to
each row is the dopamine level that generated that row’s current values. Due to variations
in electrode construction as well as the experimental setup under which measurements are
obtained, the data from different electrodes follow different distributions.

To map this application to our setting, we may consider each electrode to be one of our
environments. We use data from multiple electrodes to train our algorithms, hoping that
such multi-environment learning would create robust prediction models that generalize better
when applied in a different context, e.g. while predicting dopamine levels on the human
brain. Formally, the training data comprises 15 environments corresponding to 15 electrodes.
Each includes roughly 20,000 observations [19, 18]. The covariates are current measured
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in nanoamps (nA) collected at 1000 discrete voltage potentials. For each observation, the
outcome is a measurement of dopamine concentration in nanomolars (nM). The outcomes lie
in [0,2000], so we intersect our predictions with this range before producing intervals.

In each experiment, we select 5 environments at random for training and use the rest for
testing. We train Algorithms 1 and 2 and examine their coverage on the test data under the
(a, §)-coverage notion in Definition 1.2. We use ridge regression for the base model f and
leave-one-out cross validation for choosing the ridge parameter, repeating the experiment 100
times and plotting the average coverage and the average set length (defined below).

For the k-th experiment (k =1,2,..., 100), we let {€k7i}1§ig5 and {ekﬂ'}@gigm denote
the train and test environments, respectively. For k € [100],7 € [15], we use ny; to denote

the sample size in environment ey ; and {X]’-m', ij’i}lgjgnk,i the observations. We define the
variable ‘ ‘ '
At ={yec (xp)}

to indicate whether the outcome corresponding to the j-th sample in the i-th environment is
covered by the constructed confidence set during the k-th experiment.

We say a test environment is covered if the fraction of covered samples in the environment
is at least 1 — a. Then by Theorems 3 and 4, we expect that at least 1 — ¢ fraction of the test
environments are covered. We define “empirical 1 — §” as the fraction of test environments
covered across our experiments, “empirical set length” as the average length of constructed
confidence sets averaged over the test environments, and “empirical 1 — o” as the average
fraction of covered samples over the covered test environments:

100 15 Tk
« g 9 . ki .
Empirical 1 —§ = 1000 Z Z { ZAj > (1 —a)(ng;+1)] },

k=1i=6 - j=1
S S S AN = [0 a) (i + DT (G X7 A
S S 1{2"1“A“> (1= ) (i + 1)1}

“Empirical 1 — a” :=

)

100 15

1
“Empirical Set Length” := 1000 nk ; Z:: ‘C (X]”)

where |C (X; %4)| denotes the length of C (X3 miy.

6.1.1 Influence of Input §

To examine the influence of the input § on the performance of our algorithms, we set a = 0.05,
and the split ratio to be 0.5 for Algorithm 2. We vary the values of § and display the results
in Figure 6.1. The plots show that both multi-environment split conformal and jackknife-
minmax produce valid coverage. But, multi-environment split conformal tends to generate
more conservative prediction intervals than jackknife-minmax. Moreover, we see that the
relationship between the empirical 1 — « and the input 1 — ¢ is non-monotone. This occurs
since an increase in the input 1 — § tends to increase the set length for both algorithms,
which in turn may increase the empirical 1 — a. On the other hand, a higher (1 — §) may be
achieved by including more environments with low coverage per environment. This may lead
to a decreased empirical (1 — «). These opposing factors lead to the non-monotonicity.
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Figure 6.1. Influence of input é on the performance of conformal algorithms applied to the
neurochemical sensing data. For these experiments, « is set to be 0.05. The plots show the
empirical 1 — §, empirical 1 — «, and empirical set length for both the split conformal and
jackknife-minmax algorithms with various input 4.
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Figure 6.2. Influence of input e on the performance of conformal algorithms the neurochemical
sensing data. For these experiments, 0 is set to be 0.33. The plots show the empirical 1 — ¢,
empirical 1 — «, and empirical set length for both the split conformal and jackknife-minmax
algorithms with various input a.

6.1.2 Influence of Input o

To examine the influence of the input « on the performance of our conformal algorithms, we
set 0 = 0.33, and the split ratio to be 0.5 for Algorithm 2. We chose § = 0.33 as opposed to
a smaller value since otherwise multi-environment conformal always outputs [0, 2000] as the
prediction interval regardless of the input . We vary the « values and display the results
in Figure 6.2. We observe that for both algorithms, the empirical 1 — « tends to increase
as the input 1 — « increases. However, the relationship between the empirical 1 — § and the
input 1 — « is less clear. Two factors influence this relationship. As 1 — « increases, the set
length of conformal intervals will increase so that each sample is more likely to be covered.
Nonetheless, as the input 1 — « increases, more samples in each test environment need to be
covered, and the fraction of environments satisfing the condition may decrease.
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6.2 Species Classification

We next apply our algorithms in the context of species classification. To monitor wildlife
biodiversity, ecologists use camera traps—heat or motion-activated cameras placed in the
wild—which exhibit variation in illumination, color, camera angle, background, vegetation,
and relative animal frequencies. We thus consider each camera trap an environment. Ecol-
ogists seek to use existing camera trap shots to train machine learning models that classify
wildlife species accurately in new camera trap deployments [15].

The covariates of this species classification data are 2D images, and the targets are species
of animals present in the images [6]. We pre-process the data by removing environments with
at most 100 observations, removing labels that appear in less than 5 percent of the remaining
environments. After the pre-processing, we obtain 219 environments and 57 labels. On
average, each environment consists of 874 images. We then randomly choose 50 environments
for training and keep the remaining 169 for testing. For the base model, we use a ResNet-50
model pretrained on ImageNet using a learning rate of 3 - 107 and no fa-regularization [12].
Since the pretrained model takes in images of size 448 x 448, we rescale the inputs to the same
size. We repeat the experiment 20 times, and then plot the average coverage and the average
set length.

6.2.1 Influence of Input §

We examine the performance of our algorithms as the input ¢ varies (Figure 6.3) similar to
Section 6.1.1 earlier. We observe that the performance is now flipped, the multi-environment
jackknife-minmax is now more conservative. With an increased number of training environ-
ments, the multi-environment split conformal outperforms jackknife-minmax also in terms of
empirical set length.

6.2.2 Influence of Input «

We examine the performance of our algorithms as the input « varies (Figure 6.4) similar to
Section 6.1.2. We observe that the empirical 1 — o and empirical set length both increase as
the input 1 — « increases. Interestingly, the conformal sets output by jackknife-minmax are
not much larger than those output by split conformal under this setting.

6.3 Resizing Residuals to Reduce Average Set Size

We observe that for both datasets, when the input 4 is small, the conformal intervals have large
set length on average. We next investigate the effects of our resizing technique (Section 4) in
reducing the average set length.

6.3.1 Resized Multi-environment Split Conformal

We apply the resized multi-environment split conformal (Algorithm 7) to both the neuro-
chemical sensing and the species classification datasets. We demonstrate that the resized
split conformal algorithm is able to reduce the average set length of conformal intervals. In
the following two examples, we set the resizing quantile o to be 0.05.

Each environment in the neurochemical sensing data consists of around 20,000 samples.
We use 30 randomly selected labeled data in each environment to construct the resizing factors.
The experimental settings are the same as in Section 6.1, except that we randomly sample
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Figure 6.5. Performance of the split conformal algorithm with and without resizing applied
to the neurochemical sensing data. For these experiments, J is set to be 0.33. The left plot
shows the relation between empirical set length and input 1 — «, while the right plot shows the
relation between empirical 1 — § and input 1 — a.

30 labeled data in each environment to construct the resizing factors. The coverage results
presented in Figure 6.5 are with respect to the unlabeled data in each test environment.

The left plot shows the relation between the empirical set length and the input 1 — «.
The blue and the orange curves correspond to the results of split conformal with and without
resizing, respectively. The green curve corresponds to the oracle case where we know the
1 — ag residual quantile of all the unlabeled data in each test environment. In the oracle case,
we use the 1 — g residual quantile as the resizing factor. We observe that when the input
1 — « is close to 1, the empirical set length is large for all three methods. This is because the
1 — a residual quantile is large in each test environment, so the resizing method cannot reduce
the average set length by much. For moderate 1 — «, on the other hand, the resizing methods
can reduce the average set length. The right plot shows the relation between empirical 1 — §
and input 1 — . The results demonstrate that the resizing methods provide valid coverage,
corroborating the statement of Theorem 5.

For the species classification data, we use 20 randomly selected labeled samples in each
environment to construct the resizing factors. The experimental settings are the same as in
6.2, except that 1) we fix the input 0 to be 0.05, and vary the input «, and 2) we randomly
sample 20 labeled data in each environment to construct the resizing factors. We display the
results in Figure 6.6. Again, we observe that the resizing method reduces the average set
length without breaking our coverage guarantees.

6.3.2 Resized HCP

To illustrate the utility of our resizing technique beyond our algorithms, we study its effects
on Lee et al. HCP algorithm [16]. Since Lee et al. design HCP to construct conformal intervals
for a single sample in each test environment, it may not be practical to use additional labeled
samples from the test environments to construct resizing factors. For illustration purposes,
we consider the oracle setting where we know the 1 — g residual quantile of all samples in
each test environment. We use this 1 — ag residual quantile as the resizing factor. For both
the species classification data and the neurochemical sensing data, we vary the value of the
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Figure 6.6. Performance of the split conformal algorithm with and without resizing applied
to the species classification data. For these experiments,  is set to be 0.05. The left plot
shows the relation between empirical set length and input 1 — «, while the right plot shows the
relation between empirical 1 — § and input 1 — a.

input o and compare the performance of HCP and resized HCP algorithms. We display the
results in Figure 6.7 and 6.8. We find that the oracle resizing method reduces the average
size of the HCP prediction intervals without breaking the coverage guarantees.

6.4 Comparison with Hierarchical Conformal Prediction and Jackknife+

To conclude, we provide a comparison of our algorithms with HCP. Setting up this compar-
ison is non-trivial since HCP provides intervals with a different form of coverage guarantee.
Nonetheless, since they work under similar hierarchical models, we believe a comparison to be
instructive. To set this up, for each fixed value of o, we find the largest ¢ such that the fraction
of overall test samples covered by multi-environment split conformal exceeds that of HCP. We
then compare the performance of multi-environment split conformal with parameters «, 4 and
HCP with parameter ae. We apply the two methods on the neurochemical sensing and species
classification data. We display the results in Figures 6.9 and 6.10, respectively.

Due to the way of selecting d, multi-environment split conformal and jackknife-minmax
produce slightly larger prediction sets than HCP and hierachical jackknife+, respectively.
Moreover, we observe that for all the conformal algorithms considered, coverage (i.e. empirical
1 — ¢ and empirical 1 — «) generally increase as the input 1 — « increases. However, as shown
in Figure 6.10, this relation does not always hold. As the input 1 — « becomes larger, the
average set size of the produced prediction sets also becomes larger, which tend to increase
the empirical 1 —4J. On the other hand, as the input 1 — « becomes larger, fewer environments
will have at least 1 — « fraction of samples covered, which tend to decrease the empirical
1 — 4. Thus the relation between empirical 1 — § and input 1 — « is not necessarily monotone.
Similarly, as the definition of empirical 1 — « involves the parameter §, the relation between
empirical 1 — a and input 1 — « is not necessarily monotone either.

In sum, with an appropriate choice of §, we observe that the multi-environment split con-
formal and jackknife-minmax produce prediction sets with similar size and coverage properties
as the HCP and hierarchical jackknife-+, respectively.
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Figure 6.7. Performance of HCP and resized HCP applied to the neurochemical sensing data.
Left plot shows the average set size over all test samples, and right plot shows the fraction of
all test samples covered by their conformal sets.
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Figure 6.8. Performance of HCP and resized HCP applied to the species classification data.
Left plot shows the average set size over all test samples, and right plot shows the fraction of
all test samples covered by their conformal sets.
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Figure 6.9. Performance of multi-environment jackknife-minmax and hierarchical jackknife+
applied to the neurochemical sensing data. Multi-environment jackknife-minmax takes in the
parameters «,d, and hierarchical jackknife+ takes in the parameter a. For each value of «,
we find the largest § such that the fraction of test samples covered by multi-environment split
conformal exceeds that of hierarchical jackknife+-.

27



| — Hep 101 — Hcp

0.9
—— Split Conformal —— Split Conformal
0.8 0.91
1<) S
I 0.7 |
— 0 —~ 0.81
S 0.6 S
= £ 07
o o
£ 05 €
w w
0.6
0.4
0.3 0.51
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
Inputl —a Inputl —a
—— HCP
504 — Split Conformal
<
=)
c 40
(0]
-
k9]
& 30
©
)
' 201
(e}
€
01
O<
0.2 0.4 0.6 0.8 1.0
Input1 —a
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of test samples covered by multi-environment split conformal exceeds that of HCP.
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7 Discussion and conclusions

The challenge of maintaining predictive validity when distributions change remains one of the
core challenges in statistics and machine learning. At the most basic level, any claim of a
study’s external validity is a claim that statistical conclusions remain valid in environments
distinct—however slightly—from the study’s population [13]. A growing literature in machine
learning also highlights the challenges of prediction across environments. In some cases,
those environments are obvious, arising from distinct experimental conditions or measurement
devices [15] or from changing populations, such as identifying pathologies from lung scans
across hospitals [27]. In others, new environments arise even when constructing new evaluation
datasets that replicate original data collection as exactly as possible [20, 23].

The approaches this paper outlines to predictive inference across environments and in
other hierarchical data collection scenarios should therefore see wide application. One might
argue that, given that applications of learning algorithms always involve some distribution
shift, however mild, we should always employ some type of corrective measure to attempt
to maintain validity. Section 4 highlights a key insight, which we believe is one of the main
takeaways of this work: measuring variance and the scale of uncertainty across environments
is essential for practicable confidence sets and predictions. Most types of predictive inference
repose on some type of exchangability [26, 24, 8, 5]—excepting a recent line of work moves
toward coverage guarantees that hold asymptotically irrespective of the data [10, 1]—as does
this work and others on maintaining validity across populations [16, 9]. The optimality and
adaptivity of predictive inference procedures, such as the techniques we develop in Section 5,
also rely on some type of independence and exchangability. Future research to identify more
nuanced ways in which data remains exchangeable could thus have substantial impact, allow-
ing us to enhance the versatility and utility of conformal prediction, the jackknife, and other
predictive inferential approaches.
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A Technical proofs

A.1 Proof of Theorem 1

We take as inspiration the proof of Barber et al. [4, Theorem 3]. For the sake of the proof only,
to demonstrate the appropriate exchangeability, we assume we have access to both the features
and responses of the test environment {(X;”H,YJT”H)}?;”{ '. Then we let f:(i’k) define the
predictive function fitted on all environments (training and test) except that environments i
and k are removed, i.e.,

f—(z’,k) =A ({XI,YZ}Z##Q _
With this construction, we have f_(i,k) = f—(k,i) for i # k and

f—(i,m—f—l) = f_; forie [m],
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the key identity that allows us to exploit block exchangeability.
We define a matrix of (1 — a)-quantile of residuals, R € R"+t1)*(m+1) with entries

00 ifi=k

Ry, =
F > if i £k,

it ({17 - LI}

j=1

(8)

and so R;mi1 = Si_,, in Algorithm 1.
Now [cf. 4, Proof of Theorem 3], define the comparison matrix A € {0, 1}(m+Dx(m+1) with
entries

Aip = 1{111}3,11 Rip > sz} ;

so that the smallest residual (1 — «) quantile when omitting environment 7 is larger than
the (1 — a) quantile of residuals in environment k& when not including i or k. Define the set
S(A) C{1,...,m+ 1} of strange environments

SA)={ie{l,....m+1}: 4> (1 —-0)(m+1)},

where A; 4 = Z;”:Jrll A;i is the ith row sum of A, to be those where environment ¢ typically
has “too small” residuals.
We identify three steps that together yield the proof.

Step 1. Observe that |S(A)| < d(m + 1).

Step 2. Using that the environments are exchangeable, the probability that the test envi-
ronment m + 1 is strange (i.e., m + 1 € S(A)) satisfies

P(m+1e S(A4)) <4. (9)

Step 3. Prove the desired coverage guarantee of the theorem by showing that if coverage in
environment m + 1 fails, then it is strange, i.e., m +1 € S(A).

The result in Step 1 is an immediate consequence of Barber et al. [4, Thm. 3, Step 1].

Step 2 similarly follows immediately [4, Thm. 3, Step 2]. It remains to prove step 3.

Proof of Step 3: Suppose that coverage fails, that is,

Nm+1
3 1{ij+1 c c;ﬁ;gjgnm“(xyl“)} < [(1 = a)(nmsr +1)]. (10)
j=1

We will show that on the event (10), the environment m + 1 is strange, so that by Step 2 the
failure has probability at most ¢.

Before we complete the proof, we provide two technical lemmas that we use. These lemmas
allow us to transition between coverage guarantees “columnwise,” in the sense of within an
environment, and “rowwise” in the sense of across environments.

Lemma A.1. Let B € R"™™ gnd c € R. Then

n
‘/]jz—,a (1{0 < mk:}nBjk}' 1) =1 implies c< mlgn(/j;a ({Bjk};.‘zl) .
]:

That is, if fewer than [(1 — a)(n + 1)] indicators 1{c < ming Bj;} are 0, then c is less than
each (k=1,2,...,m) of the (1 — a) quantiles qA{a{Bjk}?zl.
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Proof We have g/ ,(1{c < miny, Bj}}_,) = 1 if and only if at least n — [(1 — a)(n + 1)]
values in 1{c < miny Bj;} are 1. In this case, there are at least n — [(1 — a)(n + 1)| rows
Jaom C [n] in B satisfying ¢ < miny, By for j € Jyom- Then for each column k, the indices
J € Jaom satisty Bji > ¢, and as [Jgom| > n — [(1 — a)(n + 1)], the (1 — a) quantile satisfies

T Bin}jm) = min By >c

dom

giving the lemma. O

Lemma A.2. Let B € {0, 1}"*"™. Assume that there exist rows J C [n] with |J| > |a(n +1)]
and columns K C [m] such that |K| > [(1 — §)m] such that bj, =1 for j € J and k € K.

Then .
S da ((Bidy) = (4= 0)m
k=1

Proof Fix any column k € K. Then at least [a(n + 1)] elements of {B;;}}_; are 1 (those
in .J), so that g ,({Bjx}7-;) = 1 for these k € K. Thus

S ate (Bay) = X a (1Bidy) = K] = (1- oy

k=1 keK

as desired. ]

We return to the main thread. On the event (10), there exists a set Jpaq of indices where
coverage fails and |Jpad| > [@(nm+1 + 1)], that is, such that

Ym+1 > maxf (Xm+1) +q, Am, 5({51 o)) or Yerl < min f (XmH) ,6({Sf—a})

i€[m] i€[m)]

for each j € Jpaq. We can also be a bit more precise about the indices of {Sfﬁa}}?:l: by
the definitions of the quantiles Zj; 5» there exists an index set Ki,,q C [m] such that |Kp.q| >
[(1=0)(m+1)] and for each k € Kpaq and j € Jpaq,

YmJrl > max f_; (Xm+1) +SF , or YmJr1 < min f_; (Xm'H) ChE
ze[m] zé[m}
by taking Kjaq to be the order statistics of S{“_a

We now show that on event (10), the environment m + 1 is strange, that is, Ap,41,e is
large. We have

m+1 m+1
> Aners = 3 1 Rumir < min R |
k=1 k=1

m-+41

. 1 n 1
= 3 1 R < in o (037 = ey |
k=1
m+41

] Nm+1
Z]\TJ;,LH,a <|:1{Rk,m+1 < Il’]lglln |ij+1 f_ (Xm+1 ‘}} > ’
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where we use Lemma A.1 with the choices ¢ = Ry ,,41 and B as the residual matrix with
entries Bjj, = ]ij'H - f,k(X;”H)L

Finally, recall that by construction of the residual quantile matrix (8) we have Ry 41 =
S¥ - Then Rpmy1 < ming |ij+1 - f_k/(X]mHﬂ if and only if S¥ < miny |ijJrl -

Fow (XJ’.”H)|, which in turn occurs if and only if
1 . 1 k 1 n 1 k
ij+ < 1fI]1€1,1f1f—k’(XJer )= ST 4 or ij+ > H}C%Xf—k’(X7+ )+ 57 o

Revisiting the sum above, then, we have
m+1 R R —
Apite > ; TR <[1{yjm+1 ¢ [min fop (X7") = ST, max fp (X7 + 51 }]jzl >
> (1=06)(m+1),

where in the last line we used Lemma A.2 with the choice Bj;, = 1{ij+1 ¢ [ming f_p (X]m“)—
SF_ ., maxy f_k,(X]mH) + SF__]}, recognizing that Bjr = 1 for all indices j € Jpaq and
k € Kpaq. In particular, we have shown that m+1 € S(A4). As P(m+1 € S(A)) < § by step
2 (recall Eq. (9)), we have the theorem.

A.2 Proof of Theorem 2

With loss of generality, let

Dy ={1,2,...,mvy}, Dy={my+1,my+2,...,m}.

We show that the rank of {S;"t!1 among {ST_'YJI, S{T’;a ., ST s uniformly dis-
tributed over {1,2,...,m(1 — ) + 1}. For simplicity, we assume there are no ties. The

proof can be modified to address the case where ties exists, and are broken randomly. For
any i € {my+ 1,my +2,...,m + 1}, define Rank(Si__) to be the rank of S _ among

e
{S]_.}mr+1,my+2,...m+1. Moreover, define

Z'={X;Y/} L, 1<i<m+ 1.
For any permutation m on {1,2,...,m(1 — ) + 1}, let Cy be the set such that
{(Z',2%,...,2™"") € Cx} = {Rank(S7707) = 7(j), 1 <j<m(l—v)+ 1}
By exchangeability, for any permutations 7 on {1,2,...,m(1 — ) + 1}, we have
P ({Rank(S777) = 7(j), 1< j <m(1—9)+1})
=P ({(z",22...,2m™, zm+t zm 2 Z2m ) € Oq))
—P ({ (Zl, 72 g gmrtn() gmytn2) Zm“f”(m(l—”“)) e Cﬂ})
<P ({Rank(S77) = j, 1 <j <m(1—) +1}).
By symmetry, we also have
P ({Rank(S17) = j, 1< j <m(1-9) +1})

<P ({Rank(sg"jjﬂ') —7(j), 1<j<m(l—n)+ 1}) .
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As a result, for any permutation 7w on {1,2,...,m(1 —v) + 1},

P (R (5777) =700 12 <m0 1)) =
which implies that the rank of {ST"t!} among {S7", 572 .. S™*+1} is uniformly dis-
tributed over {1,2,...,m(1 —~) + 1}.
Next, we show that with probability at most &,
Nm+1 =N )
St {yte O ()} < 10 - a) (g + 1)1 (11)
j=1

Since St is the [(1 — a) (nmy1 + 1)]-th largest residuals among all residuals in environ-
ment m + 1, if

+1 o+ ; m
S?L_a < /) ({Si*a}i:m»ﬁ-l) )
then at least [(1 — «) (nm41 + 1)| samples in environment m + 1 will have residuals less than

or equal to q:; 5 ({S{_a}?;nW +1>. For these samples, their corresponding outcomes will be

covered by the predictive intervals, which contradicts inequality (11). As a result, we know
inequality (11) implies

+1 ~ i m
Sin—a > qm,5 ({Si—a}i:my-}l) :

Therefore
Nm-+41 . )
PSS i fyrtte i (X b < 100 a) (e + 1))
j=1

<P [Sﬁzl > @\;,5 <{Si—a}gmy+1>} <9

my+2
9 Slfa 9

where the last step is due the fact that the rank of {S™*!} among {S7"7F!
is uniformly distributed over {1,2,...,m(1 —~) + 1}.

On the other hand, the predictive sets {C*SP‘“ (X m“)} do not provide valid
1<j<nm41

m,a,d 7

m+1
LS

coverage (i.e. inequality (11) holds) if the corresponding S"*! is among the m(1 — ) —
[(m(1—7~)+1)(1—9)] largest in {Sin_(i_wﬂ, S;n_(i_7)+2, ce T_a} By symmetry, we have
Nm+1 )
Py 1 {ij“ e Ol (X}”“)} < [(1 = @) (g1 + 1]
j=1
o md =) = [(m -y +1) (1 =]
= m(l—7) + 1
N R
m(l—~)+1

This completes the proof.
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A.3 Proof of Theorem 3

The proof is quite similar to that of Theorem 1, with appropriate redefinitions of residual
matrices and the A matrix. We begin with the analogues of f_(; ;) and the R matrix (8).
Define the collections of confidence set mappings

~—(ik) _ Iy
(600, = A (0 ).
so that o o
C-mH) — G for i e [m).

We can then define the (1 — a)-quantile residual matrix R € R(™+1)>x(m+1) with entries

400 ifi=k
R = L i (12)
gt (linf{r|vie O OP (xi if i £k,
it ([t {r 1y e ar D)™ ) iz
so that again R; 41 = Si_,, in Alg. 5, while Ry, 41, = @{a([inf{r \ ijH € C’ (X;nﬂ)]?mfl)

gives quantiles for coverage on the new environment m+1. We define the matrix A identically
as in the proof of Theorem 1, A;; = 1{miny R;r» > Ry;} and the set of strange environments
SA)={ie[m+1]|Aje>(1—-06)(m+1)} as before.

We again have that |S(A)| < §(m + 1) and that P(m + 1 € S(A)) < 4, as in Eq. (9). We
show that if coverage in environment m + 1, fails, then environment m + 1 is strange. To that
end, suppose that coverage fails, that is,

Nm+1
> vyt e Clemmes (X b < 11 = a)(mman + 1] (13)
j=1

Recall that for the threshold 7 = g ({Si_,}™,), Algorithm 5 sets ij; Zlgnmax( ) =um ICA ().

Then on the event (13), there necessarlly ex1sts a set Joad, | oad| = [@(nme1 + 1), such that
coverage fails for examples X;”H whose indices j € Jpaq:

m
Yt g | O (XTY) for § € Jpaa-
=1
By definition of 7 as the quantile gy ({S}_,}), then, we also see that there exists a set Kpaq C
[m] with cardinality |Kpaq| > [(1 —4d)(m + 1)] and for which if k € Kpaq and j € Jpaq, we
have

Ym+1 g U C—z X]m-l—l).

With these equivalences of failing to cover, we replicate the chain of inequalities in the
proof of Theorem 1. Assuming event (13) occurs, we have

m+1

Am—i—l,o = Z 1{Rk,m+1 < Il’]lfl/ll Rm—l—l,k’}

k=1
m+1 ' _ _—

S p——)
k=1 j=1
m—+1 R I

> 52t ({1 <o {1 et} )
k=1 j=1
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where the inequality follows from Lemma A.1. But of course, by the construction (12) of the
residual matrix, we have Ry ,11 = S§_,, and S§_ < ming inf{r | Yj e ol (ij“)} if and
only if R

ijH ¢ C;,f (X;”Jrl) for any &’

by the assumed nesting property of the confidence sets @. We therefore obtain

m+41

~ m—+1 m A—i +1
ez St (o eumeg o)

where the final inequality uses Lemma A.2 and that the index sets Jp.q and Kjaq have
cardinalities |Kpad| > [(1 —0)(m 4+ 1)] and |Jpad| > [@(my1 +1)].

On the event (13), the environment m + 1 is thus strange, and so applying the probability
bound (9) gives Theorem 3.

Nm41

> Z (1 _5>(m+1)7

Jj=1

A.4 Proof of Lemma 5.1

Let t = Qo(Q) and u > 0 be otherwise arbitrary, and let v > 0 be such that Q(z <t—u/2) <
a—vand Q(Z <t+u/2) > a+v. We show that for small enough € > 0, if ||P — Q|| <,
then

P(th—u)ga—g and P(th—I—u)Za—i—%.

As Qu(P) = inf{t' | P(Z < t') > a}, we then immediately see that ¢t — u < Qu(P) <t + u,
and as u is otherwise arbitrary, this proves the lemma.

To see the first claim, let 0 < 6 < w/2, and define the 1/6-Lipschitz continuous and
bounded function

1 if 2 <t
fs(z2) =q1—2/0 ift<z<t+§
0 ift+0< 2,

which approximates the threshold 1{z < ¢t}. Then we have

P(Z <t—u) < Pfs(Z +u) (g)Qfa(ZJru)Jr;SQ(Z+u§t+6)+§,

where inequality (x) follows because ||P — Q||g;, < €. As § < u/2, we have
QUZ<t+0—u)<QZ<t—u/2)<a-—uv,
and so we have

P(th—u)ga—v+§.

Any € < vd/2 thus guarantees P(Z <t —u) < a —v/2. A completely similar argument gives
P(Z <t+wu) > a+v/2 for small enough e.

A.5 Proof of Example 2

To see how Assumption Al.a follows, note that

r(@,y.C7) = 7(@,y,0)| = [|F=(@) =yl = |f(@) =yl < |Fi@) = F(@)].
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SO
a.s.

=0

sup sup ’T(w, y,C™") —(z,y,C)
Yy xeX

for any € > 0. Let 7 = 7(+, -, 5*1) for shorthand and 7 = 7(-,-,C). Then we claim that

|1 P~ P

= |eE Py e P

|| P~ 2| P

. (14
o (14
We consider the two terms in turn. For the first, let > 0 and consider the event that
|7(x,y,C™") — 1(z,y,C)| < n for v € X, which occurs eventually (with probability 1). Note
that for any function h with ||k, <1 and [[hlly;, < 1, we have

[ G ) = e )] aPiey) = |

Xe

< Pi(X,) sup |7(z,y) — m(z,y)| + 2P (XL)
LL‘GX&ZI

<+ 2P(X0).

(h(F(a,) = (e, )] AP () + [0 = h(r)] aP

The final term converges a.s. to PY(XS) < Px(X¢) 4+ /Px(X)py2 < €+ py2y/e. For the
second term in (14), 7 is fixed and so standard bounded Lipschitz convergence [25] guarantees
its a.s. convergence to 0. Then with probability 1, for any € > 0 and n > 0, we have

lim sup Hc(? | BY) — £(r | PY)

o ST 26+ o),

which gives Assumption Al.a.
For Assumption A2.a, let A be Lebesgue measure, and recognize that for any 79,7, we
have

Crl(@) ACH(2) = [f-i(z) £ 1] Alf (=) £ 7],

so MCri(2)AC (x)) < 2|f(x) — fi(z)| + 2|7 — 79| For any € > 0, if [7* — 7| < €/4, the sets
By, in Assumption A2.a satisfy

B, = {2 | AC7 (@)AC () 2 e} < {w € X [ |f-i(a) - fl2)] = ¢/2} .

The conditions (5) guarantee that for any large enough n such that 7 = 7(n) satisfies |7(n) —
7" < €/4 and any m € N,

P(Um) = (U117 sl 2 a2} ) 0

as n — oo. This then must occur for any slowly enough growing sequence m(n).

A.6 Proof of Example 3

The argument to justify Assumption Al.a is similar to that in Example 2 (see Section A.5):
as Cr(z) = [I(z) — 7yu(z) + 7] and 7(z,y,C) = max{l(z) — y,y — u(x)}, we have

(7(@,4,C) = 72,9, 07 = [max{i(2) ~ g,y — u(@)} ~ max{li(w) ~ y,y — Ti(2)}|

< |li(@) =yl = =) =yl + [ly = ul@)| - [y — Gi(2)|
< i(x) = Uz)| + |a—i(z) —ul@)].
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In particular, as in Example 2, we have sup, sup,cy, |7(z,y,C) — 7(7,y, C—H) %% 0, and so
the bounded Lipschitz convergence argument there applies and Assumption Al.a follows.

To obtain the conditions in Assumption A2.a, recognize that for Lebesgue measure A an
application of the triangle inequality gives

A (CH@)ACH)) <2 (i) = 1o)] + [i-i(e) — u(@)| + 7 = 7]

for any 7,79. The remainder of the argument is, mutatis mutandis, identical to that in
Example 2.

A.7 Proof of Example 4

We present an analogous argument to that we use in Example 2, Section A.5 to show how
Assumptions Al.a and A2.a follow from the convergence (7). In this case, the loss ¢ is Lipschitz
continuous, and so as

Cr(z) ={y € [K] [ £y, f(x)) < 7}
and 7(x,y,C) = L(y, f(z)), we have

a.s.

max sup |7(z,y, 6_1) —7(z,y,C)| =50

yE[k] zex,

under the convergence (7). Then exactly as in the proof of Example 2 in Section A.5, we have

|eer(x .67 | P - L.y | PY| o,

implying Assumption Al.a holds.
Consider Assumption A2.a. Let 7* = 7*(4, ) for shorthand and x € D« ¢, so there is no
y such that |[{(y, f(z)) — 7*| < e. Then

Crr(x) ={y [ Uy, f(x) <77} ={y [ Ly, f(x) < 7° —e} ={y | Ly, f(x)) < 7" + €}

by definition of D« (. The Lipschitz continuity of v — £(y,v) implies there exists n > 0 such

that if | F~i(z) — /(@) <1, we have [€(y, F~i(2)) — €y, f(2))] < ¢/4, and so if |7 — %] < ¢/4

and |[f~*(z) — f(2)|| < n, then £(y, f(x)) < 7" — e implies {(y, f~"(2)) < 7" —€/A < T —¢/2,

and similarly, £(y, f(x)) > 7% + € implies that £(y, f~%(z)) > 7* + 3¢/4 > 7 + ¢/2. That is,
Cre(a) = C7i ().

Recalling the notation of Assumption A2.a, the sets By, ; then satisfy
(B, = {2 | C7i(@) = (@) } > {w € X | | foi(@) = f@)| < lr = 7| < /4,0 & Dyoc ).

As by assumption the sets X, on which ]/”\*i uniformly converges have Px(X,) < e, the
convergence (7) yields that if 7 = 7(n) — 7*, then for any fixed m € N,

m
. i
fim px(U ) o

Once again, this must occur for any sequence m(n) growing slowly enough to oo.
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A.8 Proof of Lemma 5.2

We show the argument in a few steps, first showing that S¢__ and Q_,(P?) are quite close,
then using Assumption A3 to show that the 1 — § quantile of Q;_,(P?) converges.

First, we leverage Lemma 5.1. Recalling that in Algorithm 5, the residuals R; = T(X;:, in, C™) =
inf{r | Yf e Cri(x JZ)}, we see that the empirical distribution Pf, = n% >l Ri satisfies

%20

Hﬁ}? - L(r(x.Y,0) | P

by Assumption Al.a. In particular, the assumption that 7(X,Y,C) has a density under
(X,Y) ~ P in a neighborhood of
Q1_o(P?) == inf{r | P(1(X,Y,C) < 7) >1—a}

then guarantees, via Lemma 5.1 and the continuous mapping theorem, that as n; — oo the
quantile S7__, = @‘({R;}?;l) satisfies

) 1\ @.S.
Si_a — Qlfa(PZ) = 0.
As an immediate consequence, we obtain
max |Q;_o(P") —Si_|%50
<m

for any fixed m, and hence a sequence m(n) growing slowly enough as m(n) — oo as n — oco.
From this convergence, an application of the triangle inequality gives that if £(Qi_o(PF))
denotes the induced probability law over Qi_o(P¥) by sampling E € £ and L£({S{__}™,)
denotes the empirical law of the S?, then

|£@ui-a(PP) - £({SI_a)E|| *50
as n — 0o. Combining Assumption A3 and Lemma 5.1 yields that

a5 ({Si_o3my) “3 q(0),

where ¢(§) in the assumption is the unique 1 — § quantile of Q;_,(P¥) over random E.

B Performance of Multi-environment Jackknife+ Quantile

One may consider a slightly different jackknife algorithm compared to Algorithm 1:

Algorithm 8: Multi-environment Jackknife4+ Quantile: the regression case

Input: samples {in», Y;};”:l, t=1,...,m, confidence levels o, §
For:=1,...,m, set

Foi=A(XLYY, . (XL Y (XL YT (X y™)
and construct residual quantiles
Ri=|Y] — f(XD)], j=1,...,n;, and Si_, =3} (R, Rb,....R.)

Return confidence interval mapping

~

Cmias(@) = |G (Fil@) = {81 oY1) G 5 (fil@) +{SE_a}2) |.
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Figure B.11. Influence of input § on the performance of Algorithms 1, 2, and 8 applied to
the neurochemical sensing data. For these experiments, « is set to be 0.05. The plots shows
the empirical 1 — §, empirical 1 — «, and empirical set length for both the split conformal and
jackknife-minmax algorithms with various input 4.

We apply Algorithms 1, 2, and 8 to the neurochemical sensing data introduced in Section
6.1. We set a = 0.05, and the split ratio to be 0.5 for Algorithm 2. During each experiment,
we vary the values of §, and record the empirical 1 — «, 1 — §, and set length. We repeat
the experiment 100 times, and display the results in Figure B. We observe that although
Algorithm 8 tends to output less conservative confidence intervals than the other two, it does
not provide valid coverage except when the input 1 — ¢ is large.
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